ABSTRACT. Karp's Theorem states that if the far field pattern corresponding to the scattering of a time harmonic plane acoustic wave by a sound-soft cylinder is of the form Fo(k; 6 -a) where k is the wave number, 9 the angle of observation and a the angle of incidence of the plane wave, then the cylinder must be circular. A new proof is given of this result and extended to the cases of scattering by a sound-hard obstacle and an inhomogeneous medium.
Introduction.
Consider the problem of the scattering of a time harmonic plane acoustic wave by a sound-soft cylinder of cross section D. If we assume that the z axis coincides with the axis of the cylinder and the incident plane wave propagates in a direction that is perpendicular to the cylinder, then, factoring out the time harmonic component, the velocity potential u of the scattered wave is a function only of the Cartesian coordinates x and y and has the asymptotic behavior (1.1) u(r,6)=6^F(k;e,a) + 0(r-3/2)
where (r, 6) are the polar coordinates of (x,y), k > 0 is the wave number, and a is the angle of incidence of the plane wave. The inverse scattering problem is to determine D from a knowledge of the far field pattern F. To date, there is only one explicitly solvable problem in inverse scattering theory and the solution is known as Karp's Theorem: If D is sound-soft and F(k; 6, a) is of the form (1.2) F(k;e,a) = Fo(k;0-a) for some function F0, then D is a disk [8, 11] . The aim of this note is to extend Karp's Theorem to include the cases of a sound-hard scattering obstacle and scattering by an inhomogeneous medium. Since the proof of Karp's Theorem cannot be modified to include these two cases, we shall present a totally new approach to the problem. For purposes of exposition and completeness we shall begin below by using our methods to reprove Karp's Theorem for a sound-soft obstacle.
As pointed out by Sleeman in [11] , the importance of an explicitly solvable problem in inverse scattering theory is that the solution suggests methods for solving the inverse scattering problem for arbitrary obstacles (or inhomogeneities).
In particular, the method of Karp is based on analytic continuation and is intimately connected with the Imbriale-Mittra method for solving the inverse scattering problem for sound-soft cylinders of arbitrary cross section [7] . In contrast, our method is based on the evaluation for the scattering matrix applied to specific functions in L2 [-7T,7r] and in this sense is closely related to the projection methods recently developed by Colton and Monk to solve the inverse scattering problem for arbitrary obstacles and inhomogeneities (cf. [2, 3] ).
For the sake of simplicity, we have only considered two dimensional scattering problems. However, all of our results can easily be extended to the three dimensional case where it is now assumed that the far field pattern is of the form where x = r(cos#,sin0), a -(cos a, sin a). The function u again has the asymptotic behavior given by (1.1). We now have the following analogue of Karp's Theorem.
THEOREM 2. Let D be sound-hard and suppose (1.2) is true for some fixed k and all a E [-7r, 7r], 9 E [-tt,it]. Then D is a disk.
PROOF. As in Theorem 1, we can conclude that g(6) = 1 is orthogonal in L2[-7r,7r] to the set S defined by (2.6). From [9] we can now conclude that there exists a constant c such that (3) (4) JLMkr)=cJLH(2){kr) for x = r(cos0,sin#) E dD. Hence, there exist real constants c\ and c2, not both zero, such that (3) (4) (5) cdj0(kr)+c2-?-Y0(kr)=0 av av for x = r(cos0,sin0) E dD. Since Jq(z) = -J\(z), Y¿(z) = -Y\(z), where J\ is a Bessel function of order one and Y\ is a Neumann function of order one, we can rewrite (3.5) in the form (3.6) (ciJi(kr) + c3Yi(kr))t>r(-K) = 0 for x = r(cos0,sin#) e dD where ur denotes the radial component of the unit normal v. Now define the set A by Then A is open. We shall show that r/r(x) = 1 for x E A. Assume, on the contrary, that fr(x0) ^ 1 for some x0 € A. Then there exists a curve C C A such that fr(x) ^ 1 for all x.E C. But then from (3.6) we have that (3.8) ciJi(fcr)+c2y1(fcr)=0 for x = r(cos 9, sin 9) EC and as in Theorem 1 we can conclude that C is an arc of a circle. Hence z>v(x) = 1 for x € C, a contradiction. We now see that for x E dD the function ¡A-(x) is either zero or one. Since ^r(x) is continuous for x G dD and dD is a closed curve, we have that fr(x) = 1 for all x E dD. Hence, dD is a circle, i.e. D is a disk.
IV. The inhomogeneous medium.
We now want to prove the analogue of Karp's Theorem for wave propagation in an inhomogeneous medium where the region of inhomogeneity has compact support. In particular, we want to show that if the far field pattern is of the form (1.2) then, under appropriate assumptions, the inhomogeneous medium must be spherically stratified. More specifically, assume that the density is constant but the compressibility k = k(x) is space dependent and /c(x) = /c0 =constant for |x| > a > 0. Then if the incident field is given by exp[ircx ■ a], the velocity potential u = u(x; a) of the total field satisfies the equations (cf. Hence, multiplying (4.10) by etqa, integrating from -jr to tt, dividing by kn+q, and letting k tend to zero shows that for n ^ -q we have that (4.14) if pWe'nV9le¿90m(y) dy = 0, n¿ -q. and n and q are such that n + q = -/for some fixed integer I ^ 0, then from (4.16) we have that (4.19) f plnl + l'+"l+1ai(p)dp = 0 Jo for each / ^ 0 and all integers n. By Muntz's Theorem (cf. [4] ) we can now conclude that ai(p) = 0 for each / ^ 0 and hence from (4.18) m(p, </>) = a0(p).
